A characterization of robert's inequality for boxicity  by Trotter, William T.
Discrete Mathematics 28 (1979) 303-313 
@ North-Holland Publishing Company 
A CHARACTERIZATION OF ROBERTS’ WEQUALITY FOR 
BOXICITY 
William T. TROTTER, Jr. 
Department of Mathematics, Computer Science and Statistics, University of South Carolina, 
Columbia, SC 29208, USA 
Received 22 July 1977 
Revised 11 July 1978 and 9 April 1979 
F.S. Roberts defined the boxicity of a graph G as the smallest positive integer n ior which 
there exists a function F assigning to each vertex x E G a sequence F(x)(l), F(x)(2), . . . , 
F(x)(n) of closed intervals of R so that distinct vertices x and y are adjacent in G if and only if 
F(x)(i) n F(y)(i) # (4 for i = 1,2,3, . . . , n. Roberts then proved that if G is a graph ‘having 
2n + 1 vertices, then the boxicity of G is at most n. In this paper, we provide an explicit 
characterization of this inequality by determining for each n 2 1 the minimum collection %,, of 
graphs so that a graph G having 2n + 1 vertices has boxicity n if and only if it contains a graph 
from %,, as an induced subgraph. We also discuss combinatorial connections with analogous 
characterization problems for rectangle graphs, circular arc graphs, and partially ordered sets. 
1. Introduction 
In this paper all graphs are finite and have no loops or multiple edges. For a 
graph G, we write x I y in G when x and y are adjacent vertices in G and x& y in 
G when x and y are neaadjacent. We denote the number of vertices in G by ]GI. 
A graph H is called an induced subgruph of a graph G when the vertex set of H is 
a subset of the vertex set of G and distinct vertices ot H are adjacent in H if and 
only if they are adjacent in G. When H is an induced subgraph of G, we will also 
say G contains H. We do not distinguish between isomorphic graphs. 
A graph G is an internal gmph when there is a function f which assigns to each 
vertex x E G a closed interval f(x) of the real line R so that x I y in G if and only 
if f(x) nf(y) Z 8 and n Z y. Alternatively, an interval graph is the intersection 
graph of a family of closed intervals of the real line R. 
The concept of an interval graph extends very naturally to higher dimensions by 
considering the intersection graph of a family of “boxes” in n-dimensional 
Euclidean space R". Roberts [3] defined the boxicity of a graph G, denoted 
Box (G), as the smallest positive integer n for which G is the intersection graph of 
a family of boxes in R”. Formally, Box (G) is the smallest positive integer n for 
which there exists a function F which assigns to each vertex x E G, a sequence 
F(x)(l), F(W), . . -9 F(x)(n) of closed intervals of R so that x I y in G if and 
only if x # y and F(x)(i) R F(y)(i) # g for i = 1,2, . . . , n. The function F is called 
an interval coordinutizution of length n for G. By convention, we define 
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Box (G) = 0 when G is a complete graph. Therefore, a graph G is an interval 
graph if and only if Box (G) s 1. 
Roberts proved that if G is a graph having 2n + 1 vertices (where n S, 1), then 
Box (G) s n. The principal result of this paper will be an explicit characterization 
of this inequality. For each n a 1, we will determkti the minimum collection V,, of 
graphs so that if G is a graph and ICI= 2n + 1, then Box (G) = n if and only if G 
contains a graph from Vn asban induced subgraph. 
2. Some ineqdties for boxicity 
If A is a subset of the vertex set V(G) of a graph G, we denote by G -A the 
subgraph of G with vertex set V(G) -A. It is obvious that if H is an induced 
subgraph of G, then Box (H)4Sox (G). 
We now state without proof two elementary ktumas due to Roberts [S]. 
Lemma 1. 2” x is a uerten: of G, then Box (G) s I+ Box (G -(x}). 
Lemma 2. If x=t: y in G, then Box (G) s 1 + Box ( G -{x, y}). 
It is easy to verify that every graph on three vlertices is an interval graph and 
thus has boxicity at most one, The following inequality then follows from Lemma 
2 by induction on n. 
Theorem 1 (Roberts). If IG/ = 2p1+ 1 where ET 3 I, then Box (G)s n. 
‘I’he join of two graphs G and H, denoted G@H, is the graph formed by 
Pdding to disjoint copies of G and H all edges with one endpoint in G and the 
tther in H. We illustrate this definition with the ,graphs hown in Fig. 1. 
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Fig. 1. 
The following lemma shows that boxicity is additive with respect io the join 
operation on graphs. 
Le a 3. Box (G$H) = Box (G) +Box (H) for eoery pair of graphs G and H. 
=Box (G), f2 = Box (H), nnd t3 = Box (G@H). We further assume 
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for every x E C and i s t*. It is clear that we have obtained an interval representa- 
tion of G $ H of length f, so that Box (G @H) < Box (H), and with this observa- 
tion, the proof of the lemma is complete. 
Let G, be the graph consisting of two nonadjacent vertices. For n 3 1, we then 
define G, inductively by Gk+, = Gk$G1. It follows immediately that lG,,l= 2n 
and Box (G,,) = n. Therefore, Roberts inequality (Theorem 1) is best possible. We 
now use the graph G, for n 3 1 to examine the sharpness of the following 
inequalities which follow easily from Lemmas 1 and 2. 
Lemma 4. Ij K is a compkte subgraph of 
k+Box(G-K). 
G with IKI = k, then Box (G)< 
Lemnrda 5. I” i is an independent induced 
Box (G)s{i/2)+Box (G -- 1). 
subgraph of G with III= i, then 
Label the vertices of G, with the symbols al, a,, . . . , a,,, b,, b2,. . . , b,, so that 
the subgraphs A = {al, a2, . . . , a,} and B = { bl, b2, . . . , b,,) are, complete and ai 
and b, are adjacent if and only if i#i. Now suppose 1 G k s n and let K be the 
k-element complete subgraph {a,, a2, . . . , ak). It follows immediately from 
Lemma 3 that Box (G) = k + Box (G - K) so that Lemma 4 is also best possible. 
To test the accuracy of Lemma 5, it is first necessary to modify the graph G,,. 
For each n a 1, let e be the graph obtained from G, by removing all edges 
between distinct vertices of A. 
‘meoaem 2. Box (Gz) = {n/2} for till n 3 1. 
Proof. Suppose first that n =2m. For each is m, let F(a,i_l)(i)=[O, 11, 
fia2i)Ci)=[4,5], F(b,i_,)(i)=[2,4], F(b,i)(i)=[1,3], and if i#2i-1, i#2i, then 
Ftb$i) = [O, 51, and F(a,)(i) = [2,3]. Clearly the function F is an interval coor- 
dinatization of length HZ for GF”,. Therefore, Box (Gz,) s m for all m 3 1. The 
~~~neral result Box (Gz j s {n/2} now follows from Lemma 2. 
On the other hand, suppose Box (Gz ) = s, and let F be an interval coordinatiza- 
tion of length s for G*,. For each i s 2, kt 
We first observe that iM(i)lc 2 for each i < s, for if il, j2, and j3 are distinct 
elements of M(i), we may assume by symmetry th;;t F(bj,)(i) lies entirely to the 
left of F(aJ(i), F(bJ(i) lies entirely to the left 0%’ F(aJ(i), and that the right 
endpoint of F(bJ(i) is at least as large as the right endpoint F(bj,)(i). But this 
would imply that F(aJ(i) n F(bj,)(i) = $I Therefore, IM(i)l s 2. 
Since we must clearly have Cf._1 ]~(i ,I 3 n it follows that s > (n/2) and the 
argume *i is complete. 
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Now suppose 1 s k s n and I is the independent induced subgraph 
{ iJ1, Q2,. . ., a,} in Gt . It follows from Theorem 2 and Lemma 3 that Box (Gt - 
lb= ((~1 - i)/2}. Therefore, 
Box (G:) = {i/2}+Box (G: - l), 
and the inequality in Lemma 5 is also best possible. 
3. A characterization of Roberts’ inequality 
Let HZ be the 5 element cycle {c,, c2, c3, c4, c,} with ci A_ ci + 1 for i = 1,2,3,4 
and c5 I cl. For n B 2, we then define H, inductively by Hk+, = Hk $ G1. Since an 
interval graph does not contain a cycle of 4 or more vertices as an induced 
subgraph, we note that Box (H2) = A By Lemma 3, we then conclude that 
Box CH,) = n for every n > 2. 
Consider the graph W, shown in Fig. 2. 
Fig. 2. 1 
We will now show that this graph has boxicity 3. First, note that Box ( W,) s 3 
since 1 W31 = 7. Now suppose that Box ( W,) < 3 and let F be an interval coordinati- 
zation of length two for W3. For i = 1,2, let 
Ei ={{Vj, Q): l~jCk~7, F(vj)(i)f?F(v,)(i)=P)). 
It is easy to see that IE, U E21 2 7 but that IEJ G 3 and lE2] < 3. The contradiction 
completes the argument. 
We then define W, for n 3 3 by Wktl = W,$G,; by Lemma 3, we conclude 
that Box(W,)==n for every na3. 
The remainder of this section will be devoted to proving that the graphs G,, H,,, 
and W, provide an explicit characterization of Roberts’ inequality for boxicity. In 
order to simplify the argument, we develop several preliminary lemmas. These 
lemmas will require the following result which follows from Lekkerkerker and 
Boland’s characterization of interval graphs [2]. 
Lemma 6. If IG I s 5, then Box (G) = 2 if and only if G contains G2 or H2. 
Lemma 7. If n 3 1 crd ICI= 2n, then Box (G) = n if cmf only if G = G,. 
Pralof. For n = 1, we note that the complete graph on two vertices has boxicity 
zero while the independent graph on two vertices G, has boxicity one. The result 
follows from Lemma 6 when n = 2. 
Now assume validity for all values of n s m where m 3 2 and let G be a graph 
with IG I= 2m -t 2 and Box (G) = m + 1. If G is complete, then Box (G) = 0, so G 
has vertices X, y with x-k y. Then G -{x, y} has 2m vertices and boxicity m and is 
therefore G,,. Label G -{x, y)= G, with the symbols a,, uz, . . . , a,, 
h, h, . . ..b. SO that UiIUj, biIbj, and u,Lbj if and only if i#i for i,j= 
192 9***9 m. Plow the graphs G - {a,, bl} and G -(a,, 6,) each have 2m points 
and boxicity ni and must also be copies of G,. It follows that x and y are 
adjacent to every vertex of G -{x, y} and therefore G = {x, y)$G, = G,,,,, and 
our proof is complete. 
Suppose for some n 2 1, G is a graph with 2n + 1 vertices. If G has a vertex x 
of degree 2n, then G = (x}$ (G -{xl) so that Box (G) = Box (G -1x)) and thus 
Box (G) =: n if and only if G contains G,,. 
Lemma 8. LA G be a gruph with IG I= 7. Zf G has a vertex of degree 5, then 
Box (G) =: 3 if and only if G contains G3 or H3. 
Proof. Choose a vertex :K of degree 5 and then choose y with x& y. Now 
G -(x, y} has 5 vertices and boxicity 2 and therefore contains G2 or ZZ*. If y is 
adjacent to each vertex of G --ix, y), then G = {x, y)$ (G --Ix, y)) so that G 
contains G2 or H,. 
Therefcre, we may assume that there exists a vertex z E G -{x, y) with z-k y. 
Therefore, G - {z, y ) has boxicity 2 and 
I’::~-(2, y}=(x}@(G-{x, y, 2)): 
thus, G - ,(x, y, z) = GZ. Label G -{x, y, z) = G, with the symbols al, u2, bl, b2 so 
that a, I la2, cil I bZ, b1 La,, and 6, _L b2. If y is adjacent to each vertex in 
G -(z, y, z), then G contains G,s so we may assume without loss of generality that 
y zk a 1. Then G --(a,, b2) has boxicity 2 and thus contains G2 or Z-Z*, but this is not 
possible since y has degree at most one and x has degree 3 in G --(a,, 6,). The 
cantradiction completes the proof. 
Lemma 9. Let G be a graph with /Gf = 7. Then Box (G) = 3 if and only if G 
contains G3, &, or W,. 
Proof. Let G be a graph with ICI= ‘7 dnd Box (G) = 3. If G contains a vertex of 
degree 5 or 6, thzn G must contain G3 or I&, so we may assume without loss of 
Eenerality that ezch vertex of G has degree at most 4. 
’ Suppose that there exist a nonadjacent pair of vertices X, y so that G -{x, y) = 
I&. Label the vertices of G -(x, y ) with the symbols cl, c2, c3, c4, c5 so that 
cJ_c,,~ fori=1,2,3,4andc s I cl ‘ Since x has degree at most 4, we may assume 
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that rc=t: c2. Then G -{c,, c,} has boxicity 2 but does not contain G2 or H2. The 
contradiction allows us to conclude that for every nonadjacent pair of vertices X, y 
in G, G -{x, y) contains G2 but not Hz. 
Now choose nonadjacent vertices X, y in G and a vertex z of G -{x, y} so that 
G -{x, y, z} = G2. Label the vertices of G -{x, y, z) with the symbols ul, u2, bl, b2 
as in the proof of Lemma 8. Suppose that xck z. If 
G-Y =b, yl@(G--{ax, y, z)) 
G--z =k yM3(G-k Y, d), 
then G contains G3 so we may assume without loss of generality that 31 -k al. Then 
G -(a,, b2, y}= G2 so that x 1 a,, xlb,, zla,, and zlb,. And since b, has 
degree at most 4, we see that y ck b,. Therefore, G - (y, bl, a,) = G2, x I u2, x I b2, 
z _L u2, z 1 b2, and we conclude that 
G - y =(x, z}03 (G -(x, y, z)) = GJ. 
The contradiction allows us to conclude that x I z and y _L t. 
Since y has degree at most 4, we may assume that y -4 a,. Then 
G-{a2,b2,al)=G2 and thus x0,, ylbl, and z&b,. If y&z2, then 
G-{b,,z,y)=G2and thusxla,, x_~b,, and x&a,. Therefore, G-{a,,b,,a2}= 
G2 and thus y I b2 and z-f: b2. But G -{z, b2} does not contain G2. Therefore, we 
may assume that y I a?. By symmetry, we may also assume y 1 b2. 
If x-ka,: then G-{x,u,,y}=G2 so z_L4z2 and zlb,. Therefore, x&u2 and 
x3: b2. But G -{x, b2) does not contain G2. The contradiction allows us to 
conclude that x _t. a,. Since x has degree at most 4, we may then assume that 
x* u2. 
It follows that G -{x, a2, b,)= G2 and thus z i ul, z-k b2. Also we see that 
G -(y, a,, b2} = G2 and thus z l_ u2. Finally we note that if x-k !N~, then G -(x, b2} 
does not contain G2 so that we must have x I b2. it follows that all adjacencies of 
G have been determined and that 4; = W3. 
We are now ready to establish our characterization of Roberts’ inequality for 
boxicity. Theorem 3 will provide for each n H > 1 the minimum collection %,, of 
graphs so that if ICI= 2n + 1, then Box (G) = n if and only if G contains a graph 
from %,, as an induced subgraph. 
Theorem 3. Let n 2 1 and let G be a graph with ICI= 2n + 1. 
(i) If n = 1, then Box (G) = n if and only if G contains G,. 
(ii) If n = 2, then Box (G) = n if and only if G contains G2 or H2. 
(iii) If n > 3, then Box (G) = n if and only if G contains G,, H,, or W,,. 
FPoof. Part (i) is trivial since a complete graph has boxicity zero; part (ii) is 
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Lemma 6. We now proceed to prove part (iii) by induction on ~1. We first note 
that part (iii) is valid for t2 = 3 in view cf Lemma 9. We then assume validity for 
all yd s nz where m is some integer with m 3 3. Then let G be a graph with 
IGI=2m +3 and Box(G)= m+l. We will now show that G contains G,+l, 
- H,,,, elf wn+,* 
Let X, y be any pair of nonadjacent vertices in G. Then G -{x, y} has 2m + 1 
vertices and boxicity m + 1 and therefore must contain G,, H,.,,, or W,. Suppose 
first that there exists a nonadjacent pair of x, y of vertices of G so that 
G -{x, y) = I-&,,. Label the vertices of G -{x, y) with the symbols a,, a2, . . . , 
a,,,-;!, bl,, b2, . . . . L2, cl, c2, c3, c4, cs in the obvious fashion. 
As in the proof of Lemma 9, if x-l: c2, then G -{c,, c,) has boxicity m but does 
not lzontain G,, H,,,, or W,,, since c2 has degree at most 2m - 3 and x has degree 
at most 2m - 2 in G -{cl, c,). We may therefore conclude that x ;and y are both 
adjacent o c 1, c2, c3, c4, and G. 
Now consider the graph G -{c,, c,} which has boxicity m. Since c4 and cs have 
degree 2m - 1 in G -{c,, c,), c4 -I: c2, and c5 & c2, we see that G -{c,, c,) is not 
W,,, or H,,. And therefore, G -{cl, c,] must contain G,. It is easy to see that we 
must have either G -{c,, c~, c4) = G,, or G -{c,, cf, cs} = G,,. In either case, x 
and y are both adjacent to a,, a2, a . . , R,,,_~, b,, b2, . . . , t~,,_~ so that 
G =k y)e(G-{x, y})=~,,.. ;. 
Now suppose that x and y are nonadjacent vertices of G and that G -{x, y} = 
W,,,. Suppose first that m = 3 and label G -{x, y} with the symbols ol, 02,. . . , u, 
as shown in Fig. 2. Suppose further that x-l: o l. Then G - {v~, v,} has boxicity 3 
but v I has degree at most 3 so G -{vi, v,} IS neither W, or H3. But it is easy to 
see that G -{v,, v,} does not contain G, either. We may therefore conclude that x 
and y are adjacent o vl, v2,. . . , v7 and therefore, G = W,. 
Now suppose that M a 4 and label the vertices of G -(x, y) with the symbols 
a,, a 27.. ., a,,-,, b,, b2,. l . 9 L-3, 01, vLr,, . . . , v7 in the obvious fashion. As in the 
preceding paragraph, we may conclude that x and y are adjacent o vl, v2,. . . , u7. 
Now consider the graph G -{v,, v2} which has boxicity m. 
Now v:~ has deg-:e 2m - 1 and v&v4and vskvj in G-{v,,v2}so G-(v,, u2} 
Iri not W,,, or H,,,. Therefore, G -(v,, v,} must contain G,“. Clearly this requires 
G -(u,, 02, v,)= G,, and thus, x ard y are adjacent to lgl, a2,. . . , a,, ,_._ 3, 
h,. h ‘q . . . , tt !?I .I* Therefore, 
G = 1x9 y)@(G -{.u, y)>= w,,, , yo 
WC may now assume that whenever x and y are nonadjacent vertices of G, the 
graph G - {x, y} contains G,,, but not H, or W,,,. Choose a nonadjacent pair of 
vcrticcs x, y and a vertex z so that G -{x, y, z) = G,,,. Label the vertices of 
G -{x, ‘J, z} with the symbols a,, a,, . . , , a ,,,, b,, b2,. . . , b,,, in the usual fashion. 
Now suppose that x-f: z. If y -fr a I, the? G -{a,, b,} does not contain G,, so we 
may ;rr;lsume that y is adjacent o al, aZ,. . . , a,, h,, b2,, . . ,6,,. Similarly, if x-l: al, 
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then G -{a,, b,} does not contain G,, so we may assume that rc is also adjacent o 
a,, a2, . . . , a,, h b2, . . . , b,,,. But this implies that G - z = G,+l. We may there- 
fore assume that x I z. By symmetry, we may also assume y_I_ z. 
Now suppose that x& a,. Then we must have G -(a,, b2, a,} = G -{a,, b3, ai} = 
G, and thus, G -al = G,+l. We may therefore assume by symmetry that x and y 
are both adjacent o al, a2,. . . , a,, bl, b2,. . . , b, and, therefore, G -z = G,+l. 
With this case, the argument is complete. 
4. The characterization of rectangle graphs 
A graph G with Box (G) s 2 is the intersection graph of a family of rectangles 
(with sides parallel to the x and y axes) in the plane, so it is natural to refer to a 
graph with boxicity at most 2 as a rectangle graph. In this section, we discuss the 
problem of providing a forbidden subgraph characterization of rectangle graphs. 
While this is a very dificult unsolved combinatorial problem, we will solve the 
subproblem of determining a forbidden subgraph characterization for rectangle 
graphs with clique covering number two. We accomplish this by establishing 
combinatorial connections bet-*een this problem and characterization problems 
for partially ordered sets and circular arc graphs as discussed in [6]. In the 
interests of brevity, we provid.: only the key definitions here and refer the reader 
to [6] for details. If [a, b] and [c, d] are closed intervals of the real line R, we 
write [a, b]Q[c, d] when b < c ‘in R. The interval dimension of a partially ordered 
set X, denoted I Dim (X), is then the smallest positive integer n for whkh there 
exists a function F assigning to each point x E X a sequence 
F(x)(l), Rx)(2), ’ ’ ’ 9 F(x)(n) of closed intervals of R so that x < y in X if and 
only if F(x)(i)aF(y)(i) for i - 1,2,3, . . . , n. 
A partially ordered set X is said to be t-interval irreducible when I Dim (X) = t 
and I Dim (X-x) = t - 1 for every x E X. Let P2 denote the collection of all 
34nterval irreducible partially ordered sets of height 1. 
A graph G is called a circular arc graph when it is the intersection graph of a 
family of arcs ok a circle. Let d2 denote the collection of all graphs with clique 
covering number two which are not circular arc graphs but have the property that 
the removal of any vertex leaves a circular arc graph. Also, let az denote the 
collection of all graphs with clique covering number two which have boxicity 3, 
but have the property that the removal of any vertex leaves a subgraph with 
boxicity 2. 
For a graph G, we denote by e, the complement of G, i c:,, x 1 y in G if and 
only if X& y in G. Now let X be a partially ordered set of height one with 
maximal elements a 1, a2, . I . , a,,, and minimal elements bl, b2, . . . , b,. We as- 
sociate with X, graphs Gx and Gz, each having 
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a.s vertex sets. In Gx and Gz, the subgraphs induced by {a,, u2, . . . , %, 1 and 
{b,, 62,. . . . h,,} are complete. In Gx we define ai I bj if and only if bj C Ui while in 
Gz we define ai EIZ bi if and only if bj < Ui. 
Dually, for a graph G with vertex set {a,, u2, . . . , u,,,} U {b,, b2, . . . , b,,} for which 
the subgraphs induced by {a,, a2,. . . , a,,,} and (b,, bZ, . . . , 6,) are complete, we 
denote by XG the partially ordered set of height one for which G = Gx,. Among 
the results established in [6] is the following theorem relating circular arc graphs 
to partially ordered sets. 
Thearem 4. Let X be a partially ordered set of height one. Then X E 9, if and only 
if G$s J&. 
Now let G be a graph with vertex set {a,, a2,. . . , a,,,}U (b,, b2,. . . , 6,) for 
which the subgraphs induced by (a,, a2,. . . , a,) and {b,, II~, . . . , b,,} are com- 
plete. Suppose that Box (G) = 2 and let F be an interval coordinatization of length 
two for G. Since Box (G) = 2, assume by symmetry, that for k = 1,2 there exist 
ikr jk with 1 ++rn and lQ s n so that F( a,,)( k j Q F( bj, )(k). Clearly, we may 
further assume that F(x)(k) is a subset of the open interval (0,l) for each vertex x 
of G and k = 1,2. 
Now consider the function F’ which assigns ts each vertex x of 0 a pair 
F’M I), F’(x)(2) of closed intervals of R defined as follows: For i = 1 9 2, . . . , HI 
and k = 1,2, let F’(ai)(k)=[r+ I] where Y is the right end point of F@,)(k); for 
j=r,2,..., n and k = 1,2, let F’@,)(k) = [O, I] where t fs the left end point of 
FU+)Ck). tt follows that far k=1,2,r=l,2,,,,,m, tand j=lJ,i,I,~i, we huw 
FIa,kWl Flh,)(k) f V if and only if F’(b,)(k)dF%#t) and therefore, F’ is an 
btcrvcll repremtation of length two fait; the pt.utiutly ot;dcr;ed Be!t X0, This ~~WXRS 
i!h etisily wcn to be revwsible and we have thub e8ttrblishe.d the fallowing themm 
relating rectangle Br;tiphs to circul~ are grtiphs and purtitilly ardsved wte, 
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denote the partially ordered set Y of height one for which G, = Gy. Thet: it 
follows that for each n 2 2, if X is a partially ordered set having 2n + 1 points, 
then I Dim (X) = n if and only if X contains S”,. 
We also refer the reader to [l] where Feinberg has extended the concept of 
boxicity to arcs on a circle by defining the circular dimension of a graph, D(G), as 
the smallest positive integer n for which there exists a function F assigning to 
each vertex x of G a sequence F(x)(l), F(x)(2), . . . , F(x)(n) of arcs on a circle so 
that x I y in G if and only if x # y and F(x)(i) (I F(y)(i) # $3 for i = 1,2, . . . , n. 
Since D(G) < Box (G), we have the Jnalogous inequality D(G) < [IG1/2]. How- 
ever, Feinberg observed that D(G,) .= 1 for all n > 1. Feinberg constructed for 
each yt > 1 a graph with 2” + n - 1 vertices and circular dimension n and conjec- 
tured that this family characterized graphs with maximum circular dimension. This 
conjecture is incorrect, since it is straightforward to prove, using Erdos’ prob- 
abilistic methods, that for large n, there exists a graph with n vertices whose 
circular dimension exceeds n/(4 log n). However, the general question of the 
relative accuracy of D(G) s [IG(/2] is unanswered. 
Finelly, we mention the paper by Trotter and Harary [S], who defined the 
intevuaf nurnbev of a graph G, denoted i(G), as the smallest positive integer n for 
which there exists a function F assigning to each vertex x of G a sequence 
F(x)(l), F(W), * l l , F(x)(h) of closed intervals of R so that distinct vertices x, y 
of G are adjacent in Cl if and only if &)(i)n F(y)(j) f fl for some i, j with 
1 s i s n and 1 ~j s it. Alternately, i(G) is the smallest H !or which ct is the 
intersection graph of a family of sets where ach set is the union of n intervL,& of
#, Trotter and Hararp show4 that the complete biptirtite graph K,,, , hns interval . 
number {(MN. +I)/( HI t I#; 
